Surfaces of solids behave differently from the bulk due to different atomic rearrangements and processes such as oxidation or aging. Such behavior can become markedly dominant at the nanoscale due to the large ratio of surface area to bulk volume. The surface elasticity theory (Gurtin and Murdoch in Arch Ration Mech Anal 57(4): 1975) has proven to be a powerful strategy to capture the size-dependent response of nano-materials. While the surface elasticity theory is well-established to date, surface plasticity still remains elusive and poorly understood. The objective of this contribution is to establish a thermodynamically consistent surface elastoplasticity theory for finite deformations. A phenomenological isotropic plasticity model for the surface is developed based on the postulated elastoplastic multiplicative decomposition of the surface superficial deformation gradient. The non-linear governing equations and the weak forms thereof are derived. The numerical implementation is carried out using the finite element method and the consistent elastoplastic tangent of the surface contribution is derived. Finally, a series of numerical examples provide further insight into the problem and elucidate the key features of the proposed theory.
Introduction
The boundary of a continuum body can display its own distinct properties compared to those of the bulk, e.g. due to broken atomic bonds at the surface. This phenomenon is usually modeled via surface stresses [13, 25, 30, 42, 64] associated with a zero-thickness layer on the material. The surface stress can also be derived from a boundary potential when one deals with a conservative formulation. Such surface potential usually depends only on the surface deformation gradient and also on the surface normal in the case of anisotropy. In addition, the difference between the properties of the boundary of a continuum body and those of the bulk can also be B A. Javili ajavili@bilkent.edu.tr A. Esmaeili ali.esmaeili@ltm.uni-erlangen.de P. Steinmann paul.steinmann@ltm.uni-erlangen.de 1 Chair of Applied Mechanics, University of Erlangen-Nuremberg, Egerlandstrasse 5, 91058 Erlangen, Germany 2 Department of Mechanical Engineering, Bilkent University, 06800 Ankara, Turkey due to exposing the surface to processes such as oxidation, aging, grit blasting, plasma jet treatment, etc. Phenomenological modeling of such surfaces is achieved by endowing the surface with its own energy, and further surface specific thermodynamic ingredients, see [1, 27, [36] [37] [38] [39] 41, 64, 65] .
In the context of the current work, due to some confusion in the literature, the definitions of the terms surface stress and surface energy shall be re-iterated. Surface energy is usually understood as an excess energy term due to the presence of the surface as an enegetic layer or also as a superficial energy term due to rearrangement of atoms very close to a surface [25, 40] . Alternatively, one can regard the surface energy to be associated with either the creation of a new surface at constant strain or the deformation (straining) of the already existing surface [43] , see also [23, 57, 58, 67] . Surface stress is the force responsible for elastically deforming the surface of the body resulting in the change of the distances among atoms or molecules on the surface [42] .
In the current work, we build upon the surface elasticity theory of Gurtin and Murdoch [30] . The surface elasticity theory is a well-established methodology to capture the sizedependent behavior of materials at the nano-scale and has been extensively studied in the past decades, see e.g. [5, [7] [8] [9] 12, 28, 31, 36, [44] [45] [46] [47] 50, 56, 63, 66, 69] and references therein.
The effect of surface energetics, e.g. for inclusions, and the size-dependent elastic state of the material has recently been investigated for instance in [3, 4, 6, 10, [13] [14] [15] [16] [17] 24, 33, 49, [53] [54] [55] 68] and references therein. The numerical simulation of surfaces has been realized in [2, 48, 51, 52] when the bulk behaves like a fluid, and in [34] [35] [36] [37] [38] for solids.
Nonetheless, the surface elasticity theory suffers from the fact that the surface behavior remains elastic regardless of the strain level at the surface. To address this problem, the authors have recently extended the surface elasticity theory to also account for damage along the surface [18] [19] [20] [21] [22] . The objective of this contribution is to further extend surface elasticity to account for another form of surface inelasticity, i.e. plasticity along the surface. Although the plasticity of interfaces specifically in the context of grain boundaries and gradient plasticity formulations has been considered by various authors [26, 29] , to the best of the authors' knowledge in [26, 29] the bulk formulation therein is a gradient plasticity model with corresponding consequences for the attached surface. The resulting modeling of inelastic interfaces is thus indeed different from the one pursued in the present work. Here surface plasticity is based on the concept of a surface (superficial) deformation gradient and thus corresponds conceptually to plasticity of a thin layer of material at the microscale that can be modeled by an effective twodimensional surface attached to an ordinary first-order bulk. The surface elasticity theory of Gurtin and Murdoch [30] has been one of the most cited papers in the past decade mainly due to emerging applications of nano-materials and the utility of the surface elasticity theory to predict the material behavior at the nano-scale where the surface to volume ratio increases dramatically. Likewise, the surface plasticity theory here aims to provide a generic framework suitable for understanding plastic-like material behavior at small scales where the surface effects are no longer negligible. From a geometrical viewpoint, both surface and membrane are two-dimensional manifolds in a three dimensional Euclidean space and thus identical. However, from a material viewpoint, a membrane can exist by itself and without a bulk, unlike a surface. Surface is always the boundary of a bulk and cannot be defined without an encased bulk. This subtle difference between the surface and membrane leads to various surprising outcomes. For instance, the surface Young's modulusÊ is not required to be positive, whereas for a membrane, the positive definiteness requires the Young's modulus to be positive. Such distinctions between surface elasticity theory and membrane theory stem from the "kinematic slavery condition" of the surface which does not hold for the membrane.
The surface plasticity theory here is the natural extension of the surface elasticity theory of Gurtin and Murdoch [30] capable to capture size-effects, unlike the first-order continuum mechanics. The proposed theory and the implementation aspects are very general and can be applied to various scenarios. Note, the material modeling of the bulk is a mature field with many standard references and associated experiments. This is not the case for the surface though. There have been several theoretical studies on surface elasticity, but there are very few experiments for measuring the materials constants. Nevertheless, without a clear theoretical framework no experimental evidence can be obtained. We believe that sooner or later new surface plasticity coefficients will be measured and the relationship between the propagation of dislocations in the bulk and that on the surface becomes more clear. The same argument holds for the surface hardening. Only equipped with a generic surface plasticity theory, one can measure surface hardening and explains its nature.
The main contributions of this work is the extension of surface elasticity into a phenomenological isotropic 1 surface plasticity model based on the notion of an intermediate stressfree configuration. Thereby the phenomenological plasticity model on the surface proposed here rests on the multiplicative decomposition of the superficial surface deformation gradientF (independent from the corresponding multiplicative decomposition in the bulk). Subsequently, for the sake of demonstration, a model problem that includes the simplest surface plasticity formulation, i.e. J 2 type surface flow theory with isotropic hardening is developed and used for the numerical examples to also study the computational aspects of surface elastoplasticity. In doing so, we compare the mechanical response of the computational domain under various circumstances where the bulk and/or the surface are allowed to respond plastically. The plasticity in the bulk closely follows the works of Simo et al. [59, 60] . For the sake of brevity, we exclude the details of the elastoplastic bulk formulation and refer the interested reader to [11, 32, 61] . In summary, the key contributions of this work are as follows:
• To review the governing equations of a body possessing an energetic surface in a finite-deformation setting, extend them to include plasticity on the surface and to derive the weak form of the local balance of forces on the surface.
• To present a thermodynamically consistent formulation resorting to the dissipation inequality on the surface.
• To derive the consistent tangent stiffness matrix on the surface.
• To illustrate the theory with the help of numerical examples using the finite element method.
The manuscript is organized as follows. Section 2 summarizes the kinematics of non-linear continuum mechanics including elastoplastic surfaces. The governing equations in the bulk and on the surface including the balance equations and the surface dissipation inequality are given in Sect. 3.
A general surface plastic yield condition and the evolution equations are derived in Sect. 3.1. A specific surface yield criterion and the kinematics of a surface volumetric-deviatoric decomposition are discussed in Sect. 3.2. The decoupled hyperelastic part of the model, the return mapping algorithm and the exact linearization of the elastoplastic surface update formula are presented in Sect. 3.3. A numerical framework that encompasses surface elastoplasticity is established in Sect. 4 . The framework includes the weak formulation of the governing equations and the corresponding finite element implementation. A series of numerical examples based on the finite element approximation of the weak form is presented in Sect. 5 to elucidate the theory. Section 6 concludes this work.
Kinematics
This section summarizes the kinematics of non-linear continuum mechanics including elastoplastic surfaces and introduces the notation adopted here.
Consider a continuum body B that takes the material configuration B 0 ⊂ E 3 at time t = 0, and the spatial configuration B t at t > 0, as depicted in Fig. 1 . The bulk is defined by B 0 , with reference (material) and current (spatial) placements of material particles labeled X and x, respectively. The boundary of the bulk is described by a lower-dimensional manifold (surface) embedded in the threedimensional Euclidean space and is denoted by S 0 = ∂B 0 and S t = ∂B t . The boundary placements in the material and spatial configurations are defined byX andx, respectively. All hatted quantities {•} refer to the surface. The outward unit normal to ∂B 0 and ∂B t are denoted respectively by N and n. The deformation maps of the bulk and the encompassing surface are denoted by ϕ andφ , respectively. Thus x = ϕ(X, t) andx =φ(X, t). The inverse deformation maps of the bulk and the surface are denoted by X = ϕ −1 (x, t) andX =φ −1 (x, t), respectively. The bulk and the (rankdeficient) surface deformation gradients F andF, together with the corresponding velocities V andV are, respectively, defined by F(X, t) := Gradϕ(X, t), V := D t ϕ(X, t) and
Thereby the surface gradient and divergence operators, respectively, read 
whereÎ and I denote the surface and bulk unit tensors. Their spatial counterparts are denotedî and i. Moreover, the surface unit tensors can also be defined using the surface deformation gradient and the definition of its inverse as follows:
Note that surface deformation gradientF is not invertible. For further details on how the definitions of the inverse must be computed see [19] . Finally the bulk and surface Jacobians are denoted by J := det F > 0, andĴ :=d etF > 0, respectively, withd et{•} denoting the area determinant [64] . The underlying hypothesis of the proposed finite deformation surface elastoplasticity is the assumption of a multiplicative decomposition of the surface deformation gradient F into an elasticF e and a plastic surface distortionF p :
This decomposition is based on the idea of a so-called intermediate surface stress-free configuration. This configuration can be obtained either starting from the material configuration through the application ofF p or starting from the current configuration by a pure elastic and local unloading througĥ
. In other words the inverse of the surface elastic deformation gradientF −1 e releases elastically the surface stress in the neighborhood of a surface point in the current configuration. See Fig. 1 for a depiction of the multiplicative decomposition of the surface deformation gradient and the corresponding configurations.
Remark 1
Micromechanically, in two-dimensional crystals the plastic surface distortionF p is responsible for the microscopic glide of dislocation through the crystalline lattice, whereas the elastic surface distortionF e is a measure of distortion and rotation of the lattice.
Remark 2
The elastic and plastic surface distortions,F e and F p , respectively, do not necessarily depend on the corresponding bulk distortions in a similar way as the total surface deformation gradientF depends on the total bulk deformation gradient F, i.e.F = F ·Î. We imagine a thin layer of surface material that can have its own elastic and plastic decomposition of the deformation gradientF independently of the bulk. One could imagine for instance an extreme case with a purely elastic bulk, F = F e , combined with an elastoplastic surface whereF = F e ·Î withF =F e ·F p .
For the subsequent developments of surface elastoplasticity we consider the following surface strain measures: Fig. 1 The bulk domain B 0 , the surface S 0 , and the unit normals to the surface N, all defined in the material configuration. The bulk, surface deformation maps, denoted as ϕ,φ, respectively, map the material configuration to the spatial configuration at time t. The bulk domain B t , the surface S t and the unit normal to the surface n, all defined in the spatial configuration. The bulk and (rank-deficient) surface total deformation gradients are F andF, respectively. Micromechanically the material is distorted by F p andF p into the fictitious intermediate configuration by dislocation motion. The multiplicative decomposition takes the form F = F e · F p andF =F e ·F p in the bulk and independently on the surface. The elastic and plastic surface distortions,F e andF p , respectively, do not necessarily depend on the corresponding bulk distortions in a similar way as the total surface deformation gradientF depends on the total bulk deformation gradient F, i.e.F = F ·Î. The elastic contributions to the total deformations rotate and distort the bulk and the surface. BothF p andF e are in general rank-deficient
Note that from a geometric point of view the surface right Cauchy-Green tensorĈ and and its plastic counterpartĈ p are the pull-backs ofî andb −1 e whereî is the surface Euclidean metric in the current configuration andb −1 e is the inverse of the surface elastic left Cauchy-Green tensorb e . The determinants of the elastic and plastic surface distortions are defined byĴ e :=d etF e > 0 andĴ p :=d etF p > 0, so thatĴ =Ĵ pĴe . Next, the spatial surface gradient of the spatial surface velocityv(x, t) reads
Noting the elastic-plastic decomposition of the surface deformation gradient, Eq. (6) 
withl e andL p being elastic and plastic surface "velocity gradients". Although the surface velocity gradientl itself and the elastic contributionl e are spatial quantities, the surface plastic velocity gradientL p is associated with the intermediate configuration which is why in Eq. (7) 1 a push-forward to the current configuration is applied. Finally the surface Lie derivative 2 of Eq. (5) 
Governing equations
The local balance equations of forces and moments in the bulk and on the surface are listed in Table 1 .
Restricting the material response to isotropy both on the surface and in the bulk, the arguments 3 of the corresponding free energies are chosen as
where α andα are the internal variables characterizing the state of bulk and surface strain hardening, respectively. Next the reduced dissipation inequality on the surface is exploited. By differentiating Eq. (9) 2 with respect to time, using Eq. (7), and the isotropy assumption, renderṡ
where • is a general contraction operator whose order of contraction depends on weatherα is scalar or tensorial. 
where the surface Kirchhoff stressτ is the push-forward of the surface Piola-Kirchhoff stressŜ. Thereby the following relations hold
Following the Coleman-Noll exploitation we eventually find that
∂b e ·b e and
where Eq. (13) 1 is the surface constitutive relation andD red is the reduced dissipation inequality on the surface.
Yield condition, maximum dissipation and evolution equations
We now consider a surface yield function defined in the surface stress space. Letφ(τ ,β) be a general surface yield function dependent on the surface Kirchhoff stress and the stress-like surface internal variables (or conjugate thermodynamical forces toα) denoted byβ = ∂ˆ /∂α. Let nowÊ , ∂Ê andÊ be defined as 4 The spatial symmetry operator is {•} sym = i sym : {•}, where i sym = 
which are respectively the surface elastic domain, the surface yield surface (the boundary ofÊ ) and the surface admissible domain. Having defined the reduced dissipation inequality and the yield function on the surface, we state the principle of maximum plastic surface dissipation, which is used in associative plasticity to derive the flow rule and loading/unloading conditions in Kuhn-Tucker form. Locally, for a prescribedb e and prescribed ratesĊ p andα (so that £vb e is fixed), among all possible surface stressesτ * and stress-like internal variablesβ * satisfying Eq. (14) 3 , the plastic dissipation Eq. (13) 
Equivalently, Eq. (15) 1 can be written as
Now the flow rule and loading/unloading conditions can be obtained as follows: first we transform the inequality Eq. (13) 2 into a minimization problem. Next the constrained minimization problem is reformulated into an unconstrained problem by introducing the Lagrange multiplier γ ≥ 0. Thus the Lagrangian functionalL readŝ
For the stationary points ofL, the derivatives ∂L/∂τ , ∂L/∂β and ∂L/∂γ must vanish, thus
Remark 3 For isotropy the flow rule Eq. (18) 1 is equivalent to
which may be shown as follows 5 
which proves the equivalence (see also Eq. (8) 
Next expanding the time derivative ofJ e results in 6 J e =Ĵ e trace(d − γnφ) withJ
Therefore if tracenφ = 0, thenĴ p = 1.
Von Mises-type surface yield criterion and the case of decoupled surface volumetric-deviatoric response
In this section we consider the von Mises-type surface yield condition 7 as a function of the surface Kirchhoff stress tensor aŝ
whereσ Y denotes the surface yield stress,K is a (non)linear function ofF p , the surface hardening variable, which deter- 6 The surface trace operator for spatial second order tensor is defined as trace{•} = {•} :î. In the material configuration the surface trace operator is defined correspondingly as Trace{•} = {•} :Î. 7 Note that henceforth only the classical example for metal plasticity, i.e. the von Mises-type yield criterion is considered. Thus, we only take into account the simplest plasticity model, i.e. J 2 type flow theory with isotropic hardening to be developed on the surface. This is to motivate a surface elastoplasticity model and examine its computational aspects.
mines the isotropic hardening behavior of the surface and dev{•} = {•} − 
Note that the same volumetric-isochoric decoupling can be applied on the plastic and elastic contribution of any of the above strain measures. We also point out that the exponents −1/2, 1/2 and −1 appearing in Eq. (24) are due to the lower-dimensional nature of the surface. The corresponding exponents in the bulk assume the familiar values −1/3, 1/3 and −2/3.
Model problem: decoupled hyperelastic stress response
As a model problem, and as the basis for the numerical examples 9 , we consider the following decoupled surface free energŷ
− 2 and
whereˆ iso (b e ) andˆ vol (Ĵ e ) are the isochoric and volumetric contribution to the total surface free energy andb iso e =Ĵ −1 eb e . The surface shear modulus and surface bulk modulus are denoted respectively byμ andκ. Next, to obtain the surface 8 The term volumetric has a different meaning on the surface. A surface volumetric deformation describes a deformation that changes the area. A volumetric deformation in the bulk however changes the volume. Nonetheless, we use the same term for both the bulk and the surface for the sake of simplicity. 9 We mention the assumptions made for the numerical part of the current manuscript: first, the surface stress response is isotropic. Second, the plastic spin on the surface is assumed to vanish. Third, the main focus here is on metal plasticity meaning that plastic yielding is isochoric, i.e. J p = 1, which justifies the decoupling of the surface strain energy. Note that the same assumptions are also made for the bulk elastoplasticity. 
where the intermediate steps to derive Eq. (27) are given aŝ
with Dev{•} := {•} − 
and 
with devτ /μ ∼ = 10 −3 for metals and thus neglected. Using Eq. (8) 2 the simplified surface flow rule (the last term in Eq. (32)) can also be given in the material configuration aṡ
Finally to complete the surface plasticity formulation, the evolution of the hardening variableF p in terms of the plastic multiplier (Lagrange multiplier or consistency parameter) γ , and the consistency condition are now given as followṡ
Return mapping algorithm
In this section the time discretization of the model introduced in the previous section, i.e. the integration algorithm for J 2 type plasticity on the surface together with the return mapping algorithm are given. Due to the path-dependence of the surface plasticity model, the surface stress tensor is the solution of a constitutive initial value problem meaning that the surface stress tensor is not only a function of the instantaneous value of the surface strain but also depends on the history of surface strain. Therefore an appropriate numerical algorithm for integration of the rate constitutive equations is a requirement in the finite element simulation of such models. In doing so, we assume the data {φ τ ,
known at time t τ . Consequently the surface Kirchhoff stress tensorτ τ is also known through Eq. (27) . We start by providing the discretized evolution Eqs. (33) and (34) 1 in the material configuration as
where τ denotes the time step and time discretization scheme is backward-Euler. The spatial counterpart of the above reads now
Next we define a trial elastic state, based on the known data as follows:
t and
Having obtained the trial state, one can define a temporallydiscretized trial surface yield conditionφ trial , using Eq. (23) aŝ 
In case the second situation above arises, since γ > 0, to find γ , we requireφ(
) is a non-linear 11 function of γ , and thus to solve Eq. (40), one requires the use of NewtonRaphson method.
Remark 4
In deriving the last term in Eq. (40) we made use of the following relation
To prove the above we recall the definition ofτ iso in Eq. (27) , the flow rule Eq. (36) 
From the last term above it is implied that
where Eq. (43) (44)
Algorithmic elastoplastic tangent modulus
The objective of this section is to exactly linearize the update formula provided for the surface Kirchhoff stress in Eq. (44) 
11 This is the case whenK
and consequently a non-linear function of γ since
In the following derivations we drop the super-and sub-index trial and τ + 1 for the sake of brevity.
Using the chain rule and Eq. (46) 
What remains now is to linearize γ . By using Eq. (40) 
where sym(•) is the major symmetrization operator.
Computational framework
In this section we establish a numerical framework that encompasses elastoplasticity of surfaces. For further details of the finite element implementation on surfaces see [18] [19] [20] [21] [22] . The weak form, together with its temporal and spatial discretizations will be presented next. The localized force balance equations in the bulk and on the surface given in Table 1 are tested with vector valued test functions δϕ ∈ H 1 (B 0 ) and δφ ∈ H 1 (S 0 ), respectively. By integrating the result over all domains in the material configuration, using the bulk and surface divergence theorems and the superficiality properties of the surface Piola stress, the weak form of the balance of linear momentum reads
Since the surface stress derived in the previous section is the surface Kirchhoff stress, in the weak form formulation, relation Eq. (12) 3 is used to convertτ toP.
In what follows, a classical Euler-backward integration scheme is employed. Next, the spatial discretization of the problem domain is performed using the Bubnov-Galerkin finite element method. In order to have a straightforward and efficient implementation of the finite element method, the surface elements are chosen to be consistent with the bulk elements. For example, if the bulk is discretized using triquadratic elements, then biquadratic surface elements are used. This choice has the advantage that facets to which only one bulk element is attached can be regarded as a surface element.
The domains B 0 and S 0 are discretized into a set of bulk and surface elements
where n Bel and n Sel denote the number of bulk and surface elements, respectively. The geometry of the bulk and surface are approximated as a function of the natural coordinates ξ ∈ [−1, 1] 3 andξ ∈ [−1, 1] 2 assigned to the bulk and the surface, respectively, using standard interpolations according to the isoparametric concept as follows:
where the shape functions of the bulk and surface elements at a local node i are denoted as N i andN i , respectively. The bulk and surface elements consist of n nB and n nS nodes respectively. The numerical integration in the bulk and on the surface is performed using Gaussian quadrature formula, see [19] for further details.
Remark 5
The surface is a two-dimensional manifold in the three-dimensional space and therefore can be described by two surface coordinates. The corresponding tangent vectors to the coordinate lines i.e. the covariant surface basis vectors are obtained by taking the derivative of the position vector on the surface with respect to the coordinates. The covariant basis vectors furnish the normal to the surface via a vector product. The surface normal is then normalized by its magnitude to obtain the unit normal to the surface, see [36, 64] .
Now the fully discrete (spatially and temporally) form of mechanical residual associated with the global node I is defined by
To solve Eq. (55), a Newton-Raphson scheme is utilized, which results in the introduction of algorithmic stiffness matrix in the bulk and on the surface, respectively, as follows:
Grad N I · A τ +1 · Grad N J dV and,
where A = ∂ F P andÂ = ∂FP. The spatial surface elastoplastic tangent modulusĉ alg ep derived in the previous section can be connected toÂ, in index notation, using the relation Note that κ = λ + 2/3 μ andκ =λ +μ 
Numerical examples
In this section we study the computational aspects of elastoplastic surfaces and their effects on the overall mechanical response of a body. It is important to point out that the solution procedure is robust and shows a proper rate of convergence demonstrated in "Appendix A". In the case of elasticity, we obtain exactly the quadratic rate of convergence associated with the Newton-Raphson scheme. For the purpose of demonstration the computational domain is discretized using 500 trilinear hexahedral elements. The surface inelastic response in the form of elastoplasticity is determined by the constitutive relations discussed in Sect. 3. The bulk elastoplasticity closely follows the work of [61] , which for the sake of brevity is not repeated here. For the following simulations a general nonlinear saturation type hardening law of the form
in the bulk and on the surface, respectively is chosen. The corresponding material parameters for the bulk and surface together with the hardening parameters appearing in Eq. (58) are given in Table 2 . Note that each pair of the material parameters in the bulk and on the surface are set to the same numerical value. By taking this measure together with the specific domain geometry shown in Fig. 2 one assures creating conditions observed in small-scale solids where surface properties are as important as those of the bulk or even dominant.
Consider now the strip shown in Fig. 2 where a constant displacement is prescribed at the two opposite faces that are 12.826 mm wide. The top and bottom x-y surfaces are where we add the elastoplastic surfaces 13 to the computational domain. The thickness of the strip (z direction) is kept constant. We point out that the reason the computational domain is chosen to be thin is to make sure that the surface area to bulk volume ratio is large enough to see the effect of surface properties on the overall mechanical behavior of the solid. To initiate the necking the area inside the circle shown in Fig. 2a is weakened. The prescribed displacement is applied in 100 equal load steps. The discretization is densified in the middle of the domain as shown in Fig. 2b . In the following examples we have devised six different cases to study surface plasticity. These cases are: case 1 elastic bulk-no surface; case 2 elastic bulk-elastic surface; case 3 elastic bulk-plastic surface; case 4 plastic bulk-no surface; case 5 plastic bulk-elastic surface; case 6 plastic bulk-plastic surface.
Note, the utility of the current framework is to capture size effects, as a natural extension of the surface elasticity theory. However, we do not present specific examples to show the size effects here as it might be somewhat distracting for this manuscript. Nonetheless, it is obvious that the "surface/bulk" material parameters given in Table 2 are not dimensionless and one can interpret the current examples as demonstrations of size effects, as well. For instance, for a purely elastic behavior, "case 2" can be understood as "case 1" at a very small scale where the surface effects are no longer negligible. For an elasto-plastic response, "case 6" can be understood as "case 4" at a very small scale similarly. Figure 3 depicts the surface Piola stress profile for case 2, case 3, case 5 and case 6. These are the cases with elastic and elastoplastic surfaces. Due to the weakening of the quadrature points within the circle, lateral contractions are observed in Fig. 3a -c, and a necking in Fig. 3d where case 6 is considered. By allowing plastic yielding in the bulk or surface, Fig. 3b , c, a drop in the stress level is observed. Such drop is however intensified by surface plasticity. This is due to the high surface-area to bulk-volume ratio (= 40 mm −1 in this work), which amplifies the influence of the surface behavior on the overall response of the solid. Such influence can also be seen by measuring the reaction force on the faces where the displacements are applied as drawn in Fig. 8a-c . By comparing Fig. 8a, b , it is easily understood that the force due to surface effect is 40 times higher than that due to the bulk.
In Fig. 4 the distribution of the bulk Piola stress is given. It can be seen that an elastic bulk deformation is not influenced by the presence of an elastic surface due to the assumed similar material properties of the bulk and the surface, see Fig. 4a , b. However, adding energetic surfaces to the solid increases the reaction force, compare case 1 and case 2 in Fig. 8a with those in Fig. 8c . The same observation can be made for case 4 and case 6, an elastoplastic bulk in the absence of an energetic surface and an elastoplastic bulk with an elastoplastic surface, respectively, see Fig. 4d , f. Note that regarding case 3, plasticity of the surface when the bulk is elastic causes more lateral contraction, see Fig. 4c , which consequently increases the stress level in the bulk. This case can be compared to its opposite, case 5 where now the bulk is plastic and the surface remains elastic. Due to more dominant surface mechanical response, less lateral contraction and thus smaller stress in the bulk are observed, see Fig. 4e .
In Figs. 5, 6 and 7 we study the important quantities with regard to the model presented in this contribution, i.e. the elastic left Cauchy-Green tensors (b iso e ,b iso e ), the hardening variables (F p ,F p ) and the deviatoric part of the Kirchhoff stresses (devτ , devτ ), in the bulk and on the surface respectively. Thus, these figures show the deformation level, the plastic yielding and von Mises effective stress of the here presented examples, respectively, for all the relevant cases, i.e case 3-case 6. In the first row of Fig. 5 the bulk is always elastoplastic while the surface ranges from being not present to being elastoplastic. It is clear that with an elastic surface, the elastic deviatoric deformation is constrained, see Fig. 5b . Another interesting observation is that even when the surface is allowed to be elastoplastic still a lower level of deformation is achieved as shown in Fig. 5c compared to Fig. 5a . These dissimilar levels of deformations consequently lead to different evolutions of the equivalent plastic distortion, see Fig. 6a-c , and the effective stress in the bulk, see Figs. 7a-c and 8d. From Fig. 8d , which is drawn for one node in the middle of the domain, one can also conclude that the strongest plastic yielding in the bulk occurs for case 4 and the lowest for case 5. Figures 5, 6 and 7d, e show the elastoplastic behavior of the surface.
It is clear that when the bulk remains elastic, surface plastic deformation is constrained (see Fig. 5d compared to Fig. 5e ), thus much lower values of the surface plastic equivalent distortion (see Fig. 6d compared to Fig. 6e ) and von Mises effective stress are obtained (see Fig. 7d compared to Fig. 7e) . We also point out that although the evolutions of the effective von Mises stresses on the surface for one node in the middle of the surface for case 5 and case 6 are almost the same (see Fig. 8e ), their overall behavior is noticeably different which can be observed from the measured reaction force due to the surface, see Fig. 8b .
Summary and conclusion
A three-dimensional formulation and finite element framework for elastoplastic continua encased by elastoplastic surfaces is presented. The surfaces are endowed with their own elastoplastic constitutive behavior whereby the free energies capture the hyperelastic part of the constitutive relations. The corresponding weak forms of the balance equations including the contributions from the surfaces are given in detail. The balance equations are fully discretized in space using the finite element method. The exact consistent stiffness matrices in the bulk and on the surface are incorporated. A three-dimensional numerical example serves to elucidate the role of surface plasticity on the overall response of a body. For the sake of demonstration, we assumed that the surface response is isotropic, the plastic spin on the surface is zero and the plastic yielding of the surface is isochoric. The geometry of the computational domain is chosen so as to have a large surface area to bulk volume ratio. It is shown if the surface remains elastic, the otherwise-typical necking in the bulk is prevented and vice versa. However, lateral contraction is higher when the surface is elastoplastic and the bulk remains elastic which emphasizes the dominant role of the surface on the overall mechanical response of the solid. Necking initiates and develops to its complete form when the elastoplastic bulk is either not wrapped by an energetic surface or both the surface and the bulk are allowed to yield plastically. Although for both of the above cases the necking is fully developed and is similar in terms of deformation, their overall reaction forces are substantially different. It is seen that for the former case the force monotonically increases, whereas for the latter case the force, after an initial increase, continues to decline. The further extension of this work to non-coherent interfaces will be elaborated in a future contribution in which a traction-separation law similar to that of the cohesive zone model is assumed to relate the interface traction to the displacement jump across the interface. In addition, it is straightforward to employ more sophisticated plasticity models taking into account for instance anisotropy. Moreover, an investigation of the influences of the bulk and surface inelasticity on the thermomechanical response of a body is of great importance. Regarding the numerical implementation, one needs to also consider measures to tackle the volumetric locking and also a mesh densification study to make sure the sufficient convergence of the results. These extensions shall be discussed in later contributions. 
